The calculation of active earth pressure has commonly been performed under dry or saturated conditions. However, in practice soils are usually unsaturated. Aiming at the estimation of active earth pressure under steady unsaturated flow conditions, this paper describes a new method within the framework of the kinematic approach of limit analysis. A closed-form formula is adopted to estimate the suction stress of unsaturated soils subjected to vertical steady flow. A rotational failure mechanism composed of a log-spiral curve and a vertical crack is presented for calculations of the external work rate and internal energy dissipation rate. Pre-existing cracks as well as cracks that form as part of the failure mechanism are considered in the present work. The maximum depth of cracks is determined by requiring the vertical crack boundary to be stable. Explicit expressions about the thrust of active earth pressure for different crack types are derived from the work-energy balance equation, and the most critical solutions are obtained by optimizing the variables from the failure mechanism. Numerical results for different parameters are calculated and given in the form of graphs for practical use. A parametric study is performed to investigate the impact of different parameters on the active earth pressure.
Introduction
The determination of active earth pressure exerted on rigid retaining walls is a classical and long-standing subject in geotechnical engineering. Seeking a more accurate estimation on it is of great significance for safe and economical construction of retaining walls. Until now, many attempts have been made, considering different circumstances, such as seismic actions (e.g., Iskander et al. 2013) and seepage effects (Barros and Santos 2012) , using different methods, such as limit equilibrium (Li and Liu 2010) , numerical approaches (Benmeddour et al. 2012 ) and limit analysis (Yang 2007) . The available work was mainly carried out assuming the soils behind retaining walls to be dry or saturated.
However, soils are partially saturated in many cases. In order to search a solution that is more consistent with the actual situations, it is much necessary to assess the influence of matric suction on the active earth pressure under unsaturated conditions.
Due to the existence of matric suction or negative pore pressure, the properties of unsaturated soils are quite different from those of dry or saturated soils. Hence, the solution to the unsaturated active earth pressure cannot be approached without establishing a more general formula to estimate the shear strength or effective stresses of unsaturated soils. In this regard, Fredlund (1978) Pufahl et al. (1982) derived an analytical solution to the lateral earth pressures in expansive clays for both saturated and unsaturated states using the same assumption as Rankine's theory of earth pressures. Zhang et al. (2010) proposed a solution for estimating the active earth pressure from unsaturated backfills. Liang et al. (2012) extended Coulomb's theory of earth pressures for evaluating the active earth pressure of unsaturated soils.
However, it is later well recognized that the suction angle b ϕ is a not constant value and the increase in the unsaturated shear strength has an obviously nonlinear form over a wide range of soil suction (Escario and Saez 1986; Fredlund et al. 1987; Zhang et al. 2014 ). In addition, almost all D r a f t 3 researches involving unsaturated soils have treated the matric suction as an independent stress variable. Therefore, the information about the distribution of matric suction is required, which is usually unknown and assumed to be uniform (Zhang et al. 2014) or linear (Zhang et al. 2015) along depth. In reality, under precipitation conditions, the matric suction along the sliding surface could be highly variable. Such assumptions may lead to incorrect treatment of effective stresses or unsaturated shear strength, and ultimately, inaccuracy in calculating the active earth pressure for unsaturated soils.
It has been argued that matric suction is a parameter that highly depends upon some factors (Lu 2008) . A closed-form formula has been proposed to estimate the suction stress of unsaturated soils under steady flow conditions (Griffiths and Lu 2005; Lu et al. 2010) . This suction stress function involves four new parameters, three accounting for soil type and one for steady infiltration or evaporation. Based on this, Vahedifard et al. (2015) presented a solution providing the active earth pressure for unsaturated soils imposing moment equilibrium for a rotational failure and considering the presentence of pre-existing cracks of known depth.
Cracks are a common occurrence in cohesive soils. Some investigations into the stability of slopes with cracks have demonstrated that the presentence of cracks has an adverse effect on the slope stability (Michalowski 2012 (Michalowski , 2013 Utili 2013 ) and even more in seismic conditions (Utili and Abd 2016 ). This should be predicted and shows that the existence of cracks can lead to an increase in the active earth pressure. Unfortunately, the analyses for the assessment of the influence of cracks on the active earth pressure are scarce. This is mainly due to the fact that the existence of cracks brings a new discontinuity surface, making the problem more complicated. Moreover, the available approaches to account for the impact of cracks on active earth pressure were mainly focused on the pre-existing cracks (Pufahl et al. 1982; Vahedifard et al. 2015) . However, cracks may occur as part of the process of collapse. Recently in Michalowski (2013) and Abd and Utili (2017) , the energy dissipated by the formation of cracks is incorporated into the work-energy balance equation of the kinematic approach of limit analysis to account for the formation of a tension crack in unreinforced and reinforced slopes respectively. Accounting for the formation of tension cracks provides a much more realistic scenario, which will be adopted in this paper to calculate the active earth pressure.
In this paper, a novel method is proposed to calculate the active earth pressure for unsaturated soils D r a f t 4 with tension cracks employing the kinematic approach of limit analysis. A closed-form formula is adopted to estimate the suction stress under vertical steady unsaturated flow conditions. Different crack types including pre-existing cracks and cracks forming as part of collapse mechanism are considered in the study assuming a rotational failure mechanism composed of a log-spiral sliding surface and a vertical crack. According to the upper-bound theorem of limit analysis, explicit functions of the thrust of active earth pressure for different crack types are derived from the work-energy balance equation, and numerical results are obtained from an optimization scheme where the maximum of active earth pressure is sought. Finally, a sensitivity analysis is performed.
Effective stress and apparent cohesion under vertical steady flow conditions
By introducing the suction stress characteristics curve, Lu and Likos (2004, 2006) proposed a more general function to express the effective stresses of soils, which is suitable for both saturated and unsaturated cases. It can be expressed as follows 
where σ ′ is the effective stress, σ is the total stress, a u is the pore air pressure, and s σ is the suction stress. The relationship between the suction stress s σ and matric suction a w u u − ( w u is the pore water pressure) has been proposed, which can be written as follows (Lu et al. 2010; Vahedifard et al. 2015) ( )
where n and α are two fitting parameters. The parameter α is the inverse of air entry pressure and typically falls in the range of 0.001-0.5kPa -1 , and the parameter n is directly related to the distribution of pore size of soils and typically lies in the range of 1.1-8.5. It is important to note that eq. (2a) is for the saturated case, which is Terzaghi's effective stress expression, and eq. (2b) is for the unsaturated case. In table 1 the range of the parameters α and n for different soil types is provided (Lu et al. 2010; Vahedifard et al. 2015) .
Combining Darcy's law and Gardner's (1958) 
where q is the vertical discharge, s k is the saturated hydraulic conductivity, w γ is the unit weight of water, and z is the height above the water 
From eq. (4), it is obvious that suction can be completely determined by four new parameters, three are for the soil types (n, α , s k ), and one is for the flow conditions (q).
Kinematical solution to active earth pressure

Upper-bound theorem of limit analysis
Limit analysis theory including lower-and upper-bound theorems is a powerful mechanical tool for solving stability problems in geotechnical engineering (Chen 1975; Donald and Chen 1997; Utili and Nova 2007; Pan and Dias 2016; Li and Yang 2018; Xu et al. 2018) . Compared to the lower-bound theorem, the upper-bound theorem has received much more attention for simplicity, because it does not need to give any consideration to distribution of stresses. It states that for any kinematically admissible failure mechanism, a strict upper bound on the actual solution can be obtained by equating the rate of internal energy dissipated along the failure surface to the rate of work done by external forces. It should be noted that the wall reaction on soil is a force that resists the collapse of retained soil masses, thus it is a negative load in the sense discussed above. According to this, the kinematic approach will provide a lower-bound (on the numerical value) estimate of the wall thrust needed (i.e., 
where ϕ′ is the effective angle of shearing resistance, and n v and t v are normal and tangential components of the velocity along the sliding surface respectively.
Failure mechanism with cracks
This section is concerned with construction of a kinematically admissible failure mechanism where the influence of a vertical crack is considered. For the intact retained soil mass, it is proposed that the rotational failure mechanism be the most critical pattern among all possible mechanisms (Chen 1975) .
Under this condition, a log-spiral is adopted as the curve of sliding surface to satisfy eq. (5), which is typically written as the following function in polar coordinates
where r is the distance from a generic point at the spiral to the rotation center O, θ is the angle associated with r, and 0 r and 0 θ are the initial angle and distance of the spiral respectively.
Cracks are a common occurrence on the upper part of retained soil masses. In this paper, a vertical crack is included as part of failure mechanism. Two types of cracks including pre-existing cracks and cracks that form as part of collapse mechanism (formation cracks) are considered. As illustrated in Fig. 1, the failure block is bounded by the vertical crack BC, log-spiral curve CE, soil-wall surface DE and the upper part of the backfill BD. The logarithmic spiral AE can be completely defined by two variables, which are usually chosen as the minimum and maximum angles of the log-spiral AE, 0 θ and h θ . And a new angle C θ is introduced to determine the location and depth of the crack, whose magnitude is determined by requiring that the appearance of the vertical crack yields the most adverse effect on the stability of soil-wall system. Therefore, the failure mechanism presented here can be determined by three variables 0 θ , C θ and h θ . These three variables will be treated as the variables
to be optimized in the search for the most critical solution of the active earth pressure.
The following geometrical relationships, which can be easily verified from Fig 
Maximum depth of cracks
This section is concerned with the calculation of the maximum depth of a vertical crack. It is obvious that the vertical crack can be regarded as a vertical slope. Therefore, there exists a maximum constraint on the crack depth, beyond which the new slope profile left after failure cannot remain stable.
For soils without considering the matric suction, the maximum depth coefficient of cracks is (Michalowski 2013; Abd and Utili 2017) 
where c and ϕ are the cohesion and angle of shearing resistance of soils without matric suction.
However, eq. (13) 1 sin sin
where c′ is the effective cohesion, and 1 f ′ -5 f ′ are dimensionless functions that are given Appendix.
The following kinematic constraints must be satisfied to make sure that the failure mechanism is valid
According to the upper-bound theorem, the results calculated from eq. (14) is not smaller than the actual solution. A minimization routine is coded separately to search the lowest solution of the maximum depth coefficient of cracks.
Work-energy balance equation
On the basis of the failure mechanism mentioned above, the problem can be addressed by the work-energy balance equation. In this paper, the work-energy balance equation can be written as W is the work rate due to a P , a P is the wall reaction on the soil, and c D and t D are the rates of internal energy dissipated along the crack BC and the log-spiral surface CE respectively. According to the assumed failure mechanism, the calculations of the work rate caused by external forces and the rate of energy dissipated internally in the failure mechanism are detailed.
According to Utili and Nova (2007) , the external work rate due to soil weight of region B-C-D-E can be calculated as 
where 1 f -3 f and 1 f ′ -3 f ′ are dimensionless expressions given in Appendix.
The work rate due to the suction stress can be calculated by the sum of dot product of the suction stress and the velocity of the element, which can be expressed as 
where n v is the normal component of the boundary velocity, c S and t S are the vertical crack and the log-spiral surface respectively, and 4 f and 5 f are two dimensionless functions representing the integral constants along the vertical crack BC and the log-spiral surface CE respectively, which are given in Appendix.
The thrust of active earth pressure a P is typically assumed to act at lower one third of the analyzed wall height (Yang 2007; Vahedifard et al. 2015) . As shown in Fig.1 , the angle between a P and the line perpendicular to the face of wall is δ , where δ is the soil-wall interface friction angle. For simplicity, the work rate caused by this force can be expressed as
where 6 f is a dimensionless function given in Appendix. Now, the internal energy dissipation rate is calculated. Notice that the failure block is assumed to be rigid. Therefore, the internal energy is only dissipated along the vertical crack and the log-spiral sliding surface. With regard to the rate of internal energy dissipated along the crack, c D , the internal energy is dissipated only when the crack BC is a formation crack. As suggested by Michalowski 
It can be seen from eq. (22) that 0 µ = is for the tension cut-off case ( Fig. 2(a) ), 0 1 µ < < is for the case of limited tensile strength ( Fig. 2(b) ), and 1 µ = is for the case of full tensile strength (Fig, 2(c) ). where 7 f is a dimensionless function given in Appendix.
The rate of internal energy dissipated along the log-spiral surface CE can be calculated as follows where 8 f is a dimensionless function given in Appendix.
Active earth pressure formulation
It should be mentioned no work is done for the pre-existing crack. Therefore, 4 f and 7 f , which are two dimensionless functions representing the work rate of suction stress and the energy dissipation rate along the vertical crack, are equal to zero. According to the work-energy balance equation, the following functions about the thrust of active earth pressure for different crack types can be obtained
The following kinematic constraints must be satisfied to ensure that the failure mechanism is kinematically admissible
According to the upper-bound theorem of limit analysis, if the failure mechanism is admissible, the results calculated from Eqs. (25) and (26) are lower bounds on the actual solutions. Therefore, an optimization programming is coded to search for the highest values among all possible results when the parameters of soil properties and retaining wall geometries are given.
Following the existing approaches to the calculation of earth pressure, the thrust of active earth pressure is typically written in the form of the active earth pressure coefficient, which is expressed as follows (Vieira 2011; Vahedifard et al. 2015) 2 1 2
where a K is the active earth pressure coefficient.
Parametric study
The presented approach can be used to discuss the effects of various parameters on the active earth seen that for a given n, a K decreases as 1 α increases. Giving a small 1 α , a K is greater for a higher n, and then the various curves tend to be horizontal and overlapped with the increase of 1 α , indicating that the values of a K for different n values achieve a constant value at a high 1 α . For a higher wall, the values of a K for different n values tend to be a constant at a greater 1 α , which
indicates that the sensitivity of 1 α highly depends on the wall height and that the effect of suction stress is more obvious for a lower wall. The results also show that at a small 1 α , the values of a K for pre-existing cracks are very close to those for formation cracks with full tensile strength, and with the increase of 1 α , the difference of a K between these two types of cracks becomes larger. Also, compared to formation cracks, the curves for pre-existing cracks tend to be horizontal at a smaller 1 α , indicating that the sensitivity of 1 α and n is affected by the crack types.
The above discussion is conducted only for the no-flow condition. However, it can be expected that a K may vary under different seepage conditions. This is because that the matric suction can change observably under different water-infiltration conditions. affected by crack types. Compared to pre-existing cracks, the effect of q is more obvious for formation cracks.
Conclusions
This paper provides an analytical framework for estimating the active earth pressure for soils with tension cracks under steady unsaturated flow conditions. A closed-form equation is adopted to estimate the suction stress of unsaturated soils. Different types of cracks including pre-existing cracks and formation cracks are taken into account in the analysis. On the basis of a kinematically admissible rotational failure mechanism that is composed of a log-spiral curve and a vertical crack, the rate of work done by external forces and the rate of energy dissipated internally in the mechanism are (ii) The crack types have significant influence on the active earth pressure. The active earth pressure for pre-existing cracks is always greater than that for formation cracks. In addition, the crack types also affect the sensitivity of other parameters. For example, for pre-existing cracks, the impact of 
Appendix B. Some equations
The following dimensionless equations originating from the calculations of internal energy dissipation rate and external work rate are provided. Table 1 . Representative n and α for different soil types (Lu et al. 2010; Vahedifard et al. 2015 
